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A NOTE ON FAITHFUL TRACES
ON A VON NEUMANN ALGEBRA
F. BAGARELLO, C. TRAPANI, AND S. TRIOLO
Abstract. In this short note we give some techniques for constructing, starting from
a sufficient family F of semifinite or finite traces on a von Neumann algebra M, a
new trace which is faithful.
1. Introduction and preliminaries
It is known that a semifinite von Neumann algebra always has a faithful semifinite
trace. This trace can be used, for instance, to build up a non-commutative integration
and, consequently, to define non commutative Lp-spaces. In this note we give some
techniques for constructing, starting from a family F of semifinite traces, a faithful one
which is closely related to the family F.
Let F = {ηα; α ∈ I} be a family of normal, semifinite traces on M. We say that
the family F is sufficient if for X ∈ M, X ≥ 0 and ηα(X) = 0 for every α ∈ I, then
X = 0 (clearly, if F = {η}, then F is sufficient if, and only if, η is faithful). In this
case, M is a semifinite von Neumann algebra [3, ch.5]. The analysis would really be
simplified if, from a given family F of normal semifinite traces, one could extract a
sufficient subfamily G of traces with mutually orthogonal supports. Apart from quite
simple situations (for instance when F is finite), we do not know if this is possible or
not. There are however at least two relevant cases where this can be done without
many difficulties. The first case occurs when F is countable and the second when F is
a convex and w∗-compact family of finite traces on M. These two situations will be
discussed here.
In the sequel we will need the following Lemmas.
Lemma 1.1. Let M be a von Neumann algebra in Hilbert space H, {Pα}α∈I a family
of projections of M with ∨
α∈I
Pα = P .
If A ∈M and APα = 0 for every α ∈ I, then AP = 0.
Proof. Without loss of generality, we may suppose that I is directed upward and so
{Pα} is a net. Were it not so, the family
Γ := {Pα1 ∨ ..... ∨ Pαn ; α1, ........, αn ∈ I}
would be a net. Clearly supΓ = P . We would also have
A(Pα1 ∨ .... ∨ Pαn) = 0
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since Pα1 ∨ ....∨Pαn is the projection onto the subspace generated by Pα1H, ....., PαnH
and A vanishes on each one of these subspaces. But, as is known, if {Pα} is a net, then
Pα → P strongly. Hence, for every ξ ∈ H,
‖ APαξ −APξ ‖≤‖ A ‖‖ Pαξ − Pξ ‖→ 0.
So, if APα = 0, we conclude that AP = 0. 
We remind that if ϕ is a trace on M, the support of ϕ is the complement of the
largest projection of M that annihilates ϕ.
Lemma 1.2. Let F = {ηα}α∈I be a sufficient family of normal, semifinite traces on
the von Neumann algebra M and let Pα be the support of ηα. Then, ∨Pα = I, where I
denotes the identity of M.
Proof. Indeed, if we put S = I−
∨
α∈I{Pα}, we get
S = I−
∨
α∈I
Pα =
∧
α∈I
(I− Pα).
Therefore, since S is positive, if α ∈ I,
0 ≤ ηα(S) = ηα(
∧
β∈I
(I− Pβ)) ≤ ηα(I− Pα) = 0,
by definition of support.
Thus, ηα(S) = 0 for every α ∈ I. This implies that S = 0 since F is sufficient. 
2. Faithful traces on a von Neumann algebra
Let F = {ηα}α∈I be a sufficient family of normal, semifinite traces on the von
Neumann algebra M. The traces ηα are not necessarily faithful. Let Pα denote the
support of ηα. Then it is well-known that
(i) Pα ∈ Z(M), the center of M, for each α ∈ I.
(ii) ηα(X) = ηα(XPα), for each α ∈ I and for each X ∈M.
Put Mα = MPα. Each Mα is a von Neumann algebra and ϕα is faithful in MPα [3,
Proposition V. 2.10].
More precisely,
Mα := MPα = {Z = XPα, for some X ∈M}.
The positive cone M+α of Mα surely contains the set
{Z = XPα, for some X ∈M
+}.
For Z = XPα ∈M
+
α , we put:
σα(Z) := ηα(XPα).
The definition of σα(Z) does not depend on the particular choice of X. Indeed, if
Z = Y Pα, too, then
ηα(XPα) = ηα(ZPα) = ηα(Y Pα)
since ZPα = XPα = Y Pα. σα is a normal, semifinite, faithful trace on Mα.
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Theorem 2.1. Let F = {ηn, n ∈ N} be a countable sufficient family of normal, semifi-
nite traces on a von Neumann algebra M. If Pn denotes the support of ηn, then
σ(X) =
∑
n∈N
ηn[Pn
∏
k<n
(I− Pk)X] X ∈M
+
is a faithful semifinite normal trace on M.
Proof. We define
Q1 = P1
Qn = Pn
∏
k<n
(I− Pk).
If n 6= m, then
QnQm = Pn
∏
k<n
(I− Pk)Pm
∏
h<m
(I− Ph) = 0.
Therefore the Qn’s are orthogonal. It is clear that they are idempotent.
We now prove that S = I −
∑+∞
n=1Qn = 0, where the limit is taken in the strong
operator topology.
If Sm = I−
∑m
n=1Qn then
Sm =
m∏
n=1
(I− Pn).
In fact, by induction, we have:
S1 = I−Q1 = I− P1
Sm+1 = I−
m+1∑
n=1
Qn = I−
m∑
n=1
Qn −Qm+1
=
m∏
n=1
(I− Pn)−Qm+1 =
m∏
n=1
(I− Pn)− Pm+1
m∏
n=1
(I− Pn)
= (I− Pm+1)
m∏
n=1
(I− Pn) =
m+1∏
n=1
(I− Pn)
then
SmPl = 0 if l ≤ m.
Letting m→ +∞, we get SPl = 0, for every l ∈ N. By Lemma 1.1, S = 0.
Now, we define
σn(X) = ηn(QnX) ∀n ∈ N.
Then σn is a semifinite normal trace with support Qn. Indeed, let R be a projection
with σn(R) = 0. Then
σn(R) = ηn(QnR) = 0⇒ QnR ≤ I− Pn ⇒ QnR(I− Pn) = QnR⇒ QnRPn = 0.
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But, since the Pn’s are in the center of M,
QnRPn = RPn
∏
k<n
(I− Pk)Pn = RQn = 0
then
R ≤ I−Qn,
which implies that Qn is the support of σn.
Thus the function σ on M+ defined by
σ(X) =
∑
n∈N
σn(X) X ∈M
+
is a semifinite normal trace whose support is
∑
n∈NQn = I [3, ch.5 lemma 2.12].
Therefore, σ is faithful on M.

We now try to remove the assumption that F is countable. As we shall see, some
alternative hypothesis should be made.
The following Lemma has been proved in [2]. We give a sketch of the proof for the
sake of completeness.
Lemma 2.2. Let F be a convex w∗-compact family of normal, finite traces on a von
Neumann algebra M; assume that, for each central operator Z with 0 ≤ Z ≤ I, and
each η ∈ F the functional ηZ, defined by ηZ(X) := η(XZ), X ∈ M, still belongs to F.
Let EF be the set of extreme elements of F. If η1, η2 ∈ EF, η1 6= n2, and P1 and P2 are
their respective supports, then P1 and P2 are orthogonal.
Proof. Let P1, P2 be, respectively, the supports of η1 and η2. We begin with proving
that either P1 = P2 or P1P2 = 0. Indeed, assume that P1P2 6= 0. We define
η1,2(X) = η1(XP2) x ∈M.
Were η1,2 = 0, then, η1(P2) = 0 and therefore P1P2 = 0, which contradicts the assump-
tion. It is easy to see that the support of η1,2 is P1P2.
Thus η1 majorizes η1,2. But η1 is extreme in F. Then η1,2 = λη1 for some λ ∈ [0, 1].
This implies that η1,2 has the same support as η1; therefore P1P2 = P1 i.e. P1 ≤ P2.
Starting from η2,1(X) = η2(XP1), we get, in similar way, P2 ≤ P1. Therefore, P1P2 6= 0
implies P1 = P2.
However, two different traces of EF cannot have the same support. Indeed, assume
that there exist η1, η2 ∈ EF having the same support P. Since P is central, we can
consider the von Neumann algebra MP . The restrictions of η1, η2 to MP are normal
faithful finite traces. By [3, ch.5. 2.31] there exist a central element Z in MP with
0 ≤ Z ≤ P (P is here considered as the unit of MP ) such that
(1) η1(X) = (η1 + η2)(ZX) ∀X ∈ (MP )+.
The operator Z belongs to the center of M. Therefore the functionals
η1,Z(X) := η1(XZ) η2,Z(X) := η2(XZ) X ∈M
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belong to the family F and are majorized, respectively, by the extreme elements η1, η2.
Then, there exist λ ∈ [0, 1[ and µ ∈]0, 1] such that
η1(XZ) = λη1(X) η2(XZ) = µη1(X), ∀X ∈M.
¿From the equalities, it follows, for instance, that either η1 is a convex combination of
η2 and 0 or η2 is a convex combination of η1 and 0. This is absurd. 
Remark 2.3. It is worth noticing that the assumptions of the previous Lemma are
satisfied when F is the family of all traces η on M such that ‖η‖ = 1.
Lemma 2.4. Let F be a convex w∗-compact family of positive linear functionals on a
C∗-algebra A0 and let EF the set of extreme elements of F. We have:
sup
η∈F
η(a∗a) = sup
η∈EF
η(a∗a) ∀a ∈ A0.
Proof. It is clear that
sup
η∈F
η(a∗a) ≥ sup
η∈EF
η(a∗a) ∀a ∈ A0.
But every η ∈ F is in w∗-closure of the convex hull of EF, thus
∀a ∈ A0 ∀ǫ > 0 ∃η1, η2......ηn ∈ EF λ1, λ2......λn ∈ R
+ ∪ 0 :
n∑
i=1
λi = 1
such that,
η(a∗a) <
n∑
i=1
λiηi(a
∗a) + ε ≤
n∑
i=1
λi sup
η∈EF
η(a∗a) + ε = sup
η∈EF
η(a∗a) + ǫ.
Then
sup
η∈F
η(a∗a) ≤ sup
η∈EF
η(a∗a) ∀a ∈ A0.

Theorem 2.5. Let F be a convex w∗-compact sufficient family of normal, finite traces
on a von Neumann algebra M; assume that, for each central operator Z, with 0 ≤ Z ≤ I,
and each η ∈ F the functional ηZ(X) := η(XZ) belongs to F. Let EF be the set of
extreme elements of F. Then the function σ on M+ given by
σ(X) =
∑
η∈EF
η(X) X ∈M+
is a faithful semifinite normal trace on M.
Proof. By Lemma 2.2 the function σ on M+ given by
σ(X) =
∑
η∈EF
η(X) X ∈M+
is a semifinite normal trace. We prove that σ is faithful. By Lemma 2.4, EF is sufficient,
then by Lemma 1.2, ∨Pη = I, where I denotes the identity of M and Pη the support of
the ηi ∈ EF. It is clear that I is the support of σ thus σ is a faithful semifinite normal
trace on M.

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Let F = {ηα; α ∈ I} be a sufficient family of normal, finite traces on M. In order
to get a similar result in the case where F is not necessarily convex or w∗-compact, it
is enough to assume that the family F is uniformly bounded, i.e. ηα(I) ≤ 1, for every
α ∈ I.
We put
co{F} =
{
n∑
i=1
λiηαi ; λi ≥ 0,
n∑
i=1
λi = 1, ηαi ∈ F
}
and let co{F} be its w∗−closure.
Corollary 2.6. Let F = {ηα; α ∈ I} be a sufficient family of normal, finite traces on
M such that ηα(I) ≤ 1, for every α ∈ I. Let Eco{F} be the set of all extreme elements
of co{F}. Then the function σ on M+ given by
σ(X) =
∑
η∈Eco{F}
η(X) X ∈M+
is a faithful semifinite normal trace on M.
Proof. By the assumption, F is a subset of the unit ball of the dual of M. Then co{F}
is a convex w∗-compact subset of the dual of M. It is easily seen that the elements of
co{F} are traces. Indeed every
∑n
i=1 λiηαi is a trace since
n∑
i=1
λiηαi(x
∗x) =
n∑
i=1
λiηαi(xx
∗)
and if {ηγ} is a net of traces and η = w
∗ − limγ ηγ , we have:
η(x∗x) = lim
γ
ηγ(x
∗x) = lim
γ
ηγ(xx
∗) = η(xx∗) x ∈M.
By Theorem 2.5 the function σ on M+ given by
σ(X) =
∑
η∈Eco{F}
η(X) X ∈M+
is a faithful semifinite normal trace on M. 
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